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Recently, Kellogg, Linss and Stynes [1, p. 2089] pointed out that ‘‘Our bounds are identical to those stated in [2], but the
proof there is flawed’’. Considering that this is the first quasi-optimal uniform convergence result obtained with Shishkin
mesh for a 2D reaction–diffusion problem, we think that it would be better to publish this corrected version to clarify the
typos and minor mistakes. We would like to thank Professors Kellogg and Stynes for kindly spending time confirming the
correctness of this new proof.
First, we want to clarify that wemade three small mistakes in [2]. First, in the proof of Lemma 3.4 we had a typo, uxx = 0,
which should be |uxx| ≤ C−2. Second, Lemma 3.5 (ii) has a typo and the proof needs the assumption
a(x, y) > α2 > 0, inΩ, (1)
instead of the original one a(x, y) ≥ α2 > 0 inΩ . Finally, we made a mistake in the proof of Theorem 5.1 by treating the
function χx(x, y) as being globally independent of x, although this function is independent of x only locally (on each mesh
rectangle).
To avoid any more confusion, below we present the complete corrected proofs for Lemma 3.4, Lemma 3.5 and
Theorem 5.1.
Let us repeat that the original problem is as follows:
L ≡ −2
(
∂2u
∂x2
+ ∂
2u
∂x2
)
+ a(x, y)u = f (x, y), ∀ (x, y) ∈ Ω ≡ (0, 1)× (0, 1), (2)
u = 0, on ∂Ω. (3)
0.1. Proof of Lemma 3.4
Lemma 3.4.
(i) |uxx(x, y)| ≤ C−2, on ∂Ω,
(ii) |uyy(x, y)| ≤ C−2, on ∂Ω.
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Proof. (i) Using the boundary condition u(x, y) = 0 on y = 0 and y = 1, we have uxx = 0 on y = 0 and y = 1. Setting x = 0
and x = 1 in (2), and using the fact that u = uyy = 0 on the sides of x = 0 and x = 1, we have |uxx| ≤ C−2 on x = 0 and
x = 1.
(ii) The proof is exactly the same, by considering the symmetry of the equation. 
0.2. Proof of Lemma 3.5
Lemma 3.5.
(i) |uxx(x, y)| ≤ C(1+ −2e−αx/ + −2e−α(1−x)/), onΩ,
(ii) |uyy(x, y)| ≤ C(1+ −2e−αy/ + −2e−α(1−y)/), onΩ.
Proof. (i) Use the barrier function φ(x, y) = C(1+ −2e−αx/ + −2e−α(1−x)/); then we have
L(φ ± uxx) ≥ −α2C(−2e−αx/ + −2e−α(1−x)/)+ aC(1+ −2e−αx/ + −2e−α(1−x)/)± (fxx − axxu− 2axux)
≥ aC + (a− α2)C(−2e−αx/ + −2e−α(1−x)/)± (fxx − axxu− 2axux) ≥ 0,
where in the last step we used the assumption (1) and C is sufficiently large.
Then from (φ ± uxx)|∂Ω ≥ 0 and the Maximum Principle (Theorem 3.1 of [2]), we conclude the proof.
(ii) The proof follows the same route as that of (i) except that now we use the barrier function
φ(x, y) = C(1+ −2e−αy/ + −2e−α(1−y)/). 
0.3. Proof of Theorem 5.1
The corrected result for Theorem 5.1 should be
‖u− uh‖ ≤ C
1+  12N 32x
ln
1
2 Nx
+ 
1
2N
3
2
y
ln
1
2 Ny
 (N−2x ln2 Nx + N−2y ln2 Ny + 2n+1)+ C(hp + kp).
Proof. Using integration by parts, and the fact that χx is independent of x on each mesh rectangle, we have
2((Πu− u)x, χx) =
∑
1≤i≤Nx,1≤j≤Ny
∫ xi
xi−1
∫ yj
yj−1
2(Πu− u)xχxdxdy
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∑
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0
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∑
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h1/2i
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≤ Nx · C
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where in the third from last step we used the fact that h−1i ≤ Nx lnNx , and in the last step we used Lemma 5.2 of [2].
A similar result can be proved for 2((Πu− u)y, χy). 
Therefore, the asymptotic result of this paper (Corollary of [2, p. 66]) still holds true by assuming
 ≤ max(N−3x lnNx,N−3y lnNy), (4)
instead of the original assumption  ≤ max(N−1x ,N−1y ).
Wewould like tomention that similarmistakesweremade in the proofs of Theorems2.4.1 and3.4.1 in [3]. The asymptotic
results stated in Theorems 2.4.1 and 3.4.1 in [3] are still true by using the same corrections as we present here.
Finally, we want to remark that, using the technique in a later paper by Zhang [4], the conclusion of Theorem 5.1 of [2]
is still valid without the stronger assumption (4).
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